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We develop the continuous self-avoiding walk (CSAW) methodology for investigating temperature dependent
thermodynamic properties of finite polymer chains without imposing a lattice. This leads to a new concept:
the free energy theta temperatufgs, at which the free energy is proportional to chain length. Abdye

the polymer chain-solvent mixture leads to a single phase, whereas bgltlne polymer solvent system has

a positive surface tension with a tendency to phase separation to form a globular phase. For finite chains this
coil-globule transition lies above the geometric theta temperature at which the distribution describes a Gaussian
coil. CSAW provides the basis for a new approach to predict globular properties of real polymers.

A number of powerful mathematical models have been temperature and do not include realistic interaction parameters
developed to describe the behavior of linear polymer molecules needed to distinguish the properties of real materials. Of
in a good solvent. These include the self-avoiding walk (SAW) particular interest here are the properties of polymer chains in
on a lattice'? the beae-rod modeF and the continuum Edwards  solution. The phase behavior of such systems is of fundamental
model4> interest with enormous practical applications for predicting the

Here we develop SAW methodology on continuous space processing and mechanical properties of various plastic materi-
(CSAW) to enable the investigation of temperature-dependentals.
geometric and thermodynamic properties (enthalpy and entropy)  The continuous self-avoiding walk (CSAW) on continuous
of finite polymer chains at finite temperatures. CSAW leads to gyclidean space describes polymer chains with fixed bond length
a new critical point: the free energy theta temperatilise, at and bond angle, but with continuously variable torsion and
which the free energy is proportional to chain length. Above ypwy interactions. Previous studies of SAivere based on
Tor, the polymer chaifrsolvent mixture leads to a single phase, Eyclidean lattices, lattice self-avoiding walk (LSAW).
the solvation phase, Wh‘?TeaS beldw: the_ polymer chain To define the continuous self-avoiding walk, we start with a
solvent system has a positive surface tension and tends towarqmited atom force field, in which each monomer is represented
phase separation to form a globular phase. In addition, CSAW by one united atom (;r bead. Here we use the Siepmann
.enablesf the predigtion of properties for polymers using realistic Karanorni-Smit force field10 .(SKSFF) based on fitting to
interaction potentials. . . alkanes. This uses a Lennard-Jones@an der Waals (vdW)

The random walk ona lattice was proposed by_ Polyd 921 potential (well depth ig/kg = 47 K and inner wall distance is
and has been studied broadly and systematically. It has a, = 0.393 nm) plus a torsional potential, while the bond
powerful theoretical significance for mathematics, and the lattice distanc.est = 0.154 nm) and bond angleél(: 114.0) are
walk f.“Ode' has b_een the basis for many applications in phySiCS'fixed. The torsioﬁ potential is short ranged and heﬁce does not
chemistry, and biology. affect the global scale properties of the polymer chain.

The self-avoiding walk (SAW)? is a random pathway that ) ) o
does not contain self-intersections, serving as a model for linear, F19ureé 1a illustrates a self-avoiding walk on a 2D square
lattice. The partition functiorZ, or the number of SAWSs is

polymers and playing a central role in understanding polymer - -
straightforward hereZy = 1,Z; = 4, Z, = 12, etc. Figure 1b

statistics. The SAW has been shown to be equivalent to the>"¢ i ‘ -
N=0 case of theN-vector modef, making SAW an important defines the CSAW. Each step in CSAW involves adding by
one additional united atom with fixed bond length and angle to

test case for the theory of critical phenomena. - - : k a -
Many properties of polymer materials (e.g., rubber elasticity, the chain, but allowing continuous torsion. The partition function
Z, or the number of SAWs of CSAW is counted &s= 1, Z;

liquid crystallinity) are well characterized in terms of single- b, ) ; .
chain conformations and dynamics. Indeed the use of SAW to — 27, Z2 = Z1*2z (since we fix bond length/angle, the possible

describe long flexible polymer chains with excluded vol§me positions of the second step comes from the torsion, leading to
. . . . — * 1

has led to remarkably simple scaling properties that dominate 2%, 23 = Z2*27, etc. ForN > 4 united atoms, there are

the behavior of many physical properties, allowing a generic repulsive van der Waals (vdW) interactions that induce self-

understanding of features common to many chemically different 2voidance, reducing the contribution for each step belaw 2

systems. However, these scaling rules are limited to infinite (Figure 1c).
The calculations of the CSAW use the CCBB algorithin¥

* Corresponding author. E-mail: wag@wag.caltech.edu. a Monte Carlo approach that combines continuous configuration

10.1021/jp064374b CCC: $33.50 © 2006 American Chemical Society




Letters

(ax 1 1 1

e Y S e S

(bl.‘. e .ﬁ.

Coil IT with length N
Figure 1. (a) Self-avoiding walk on a 2D square lattice. (b) Continuous
self-avoiding walk on 3D space. (c) Self-avoidance in CSAW comes
from the vdW repulsive interactions, which reduces the contribution
for one step below 2 A cut off distanceR: is applied for vdwW
interactions. (d) One chain with lengtiN2considered as connecting
two coils with lengthN.

biased sampling (CCB) with Boltzmann-factor enrichment
(BGB). CCB is a direct MC sampling, using a fast algorithm
for evaluating the torsion sampling weighting function. The BFB

method is an improved enrichment method, which introduces a
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Figure 2. (a) Dependence ofe(n) = 1/2 log >, <R.2>/<Ry2*> on

n~%5 for CSAW at various temperatures. Each data point is averaged
from three samplings, with a standard error smaller than the symbol.
(b) Dependence af, = Z,/Z,-, on 1h for CSAW. (c) Dependence of
exp[—(En — En-1)kT] on 1/ for CSAW. (d) Dependence of exp[S,

— Si-1)/K] on 1/ for CSAW. Each curve in (b) (c) (d) is shifted lyy

to have the same origin. The shiftgglfrom high temperature to low

configurational-dependent enrichment procedure with correct emperature are 5.9291, 5.5204, 4.8046, 3.1893, 3.0467 in (b); 0.9939,

bias correction and automatic population control. Combining
these two types of samplings (CCBB) dramatically improves
MC convergence.

We first examine the following properties of CSAW and
compare with traditional LSAW: The partition functidg, or
the number ofn-step SAWSs; the mean-square end-to-end
distance ofn-step SAWs<Rg?>,, and the radius of gyration
<Rg?>n. At infinite temperature (athermal), LSAW leads to
asymptotic form® at largen of

Z,=Au"n"1 + o(1)] 1)
<RS>,=Br”'[1 + o(1)] )
<R/*>,= Cr’’[1 + o(1)] (3)

where u is the monomer partition function (also termed the
connective constant). The valueswénd the amplitudes, B,
C vary from lattice to lattice, while the exponentsv, and the
amplitude ratié* C/B are universal; that is they depend only
on the space dimensionalitybut not on the particular lattice
chosen.

The properties of the traditional LSAW at infinite temperature

0.9645, 0.8747, 0.6416, 0.6235 in (c); and 0.1676, 0.1747, 0.1821,
0.2012, 0.2047 in (d).

large N to reduce finite size error. Thus for chain length up to
N = 500 we sample enough chains or walks3 x 18, to
reduce statistical error and then use finite size correction
approaches to derive the properties. In comparison, exact
enumeratiotf for LSAW has been carried out for chain lengths
up to N < 26 (3D) without statistical error; Monte Carlo
approaché$ to LSAW have reached chain/walk lengths Nof
~ 80 000 with~10" walks.
Theo(1) term of <RZ> and <Rs?>> in egs 2 and ¥ 8 scales
as~n095 (~n=056in ref 16); hence Figure 2a ploigs(n) =
1/2 logp <R.?>/<Ry2%> againstn=?5 showing that the tem-
perature dependence ofi is weak above 7200 K. Linear
extrapolation ofve to N = o in the range of 0.045 NO—5 <
0.07 leads to 0.5848(1) at 5 040 000 K; 0.5822(1) at 50 400 K;
0.5751(1) at 7200 K. Extrapolating these values leads o
0.5854 0.003 for CSAW, which is consistent with= 0.588
+ 0.001for LSAW?>6This confirms thav is a universal scale
property shared by different types of LSAW and CSAW.
Usingv = 0.585 for CSAW and assumingf1) ~ N°=5 we
estimate the amplitud® and C in egs 2 and 3. Table 1
summarizes the results and compares with LSAW, showing that

are simple to study since it is not necessary to use energy termg3 andC from CSAW are quite different from LSAW, b@/B

to account for self-avoidance. For CSAW, weustinclude

is universal. For CSAW the universal quanti€/B is not

energy terms to realize self-avoidance, which arises from sensitive to the temperature, whiteandC are sensitive to the

repulsive vdW interaction. Thus, to obtain the infinite temper-
ature limits to compare with LSAW, we perform CSAW at

temperature.
To analyze the quantities in eq 1, we follow the ratio method

extremely high temperatures (7200 K, 50 400 K, and 5 040 000 shown in eq 4, in whiclr, is analyzed against #° to second
K). The molecule cannot decompose since bond lengths andorder in 1n1e

angles are fixed. Only long-range vdW interactions affect global

scale properties.

To determine these parameters with high-precision, we use
appropriate extrapolation method to reduce the error arising from

finite length, theo(1) term. CSAW is much more expensive
than LSAW, making it impractical to sample sufficient data for

Zn
" Zn— 1

cons

+ 2 y 4

~ [1+—7’_1]y= [1+—V —1
n n

The result is shown in Figure 2b, which leadsyt@ndu for

CSAW at different temperatures (to second order ir).1Jsing



18136 J. Phys. Chem. B, Vol. 110, No. 37, 2006

Letters

TABLE 1: Universal Quantities (y, v, C/B) and Non-Universal Quantities , A, B, C) from CSAW Compared with Various

Lattices for LSAW

y u A v B C C/B
LSAW  SC 1.158%° 4.6840%0 1.20%° 0.588(1}° 1.21667(50%  0.19455(7%  0.1599(23°
LSAW  BCC 1.1612(8% 6.530356(%  1.16(1¥? 0.591(23* 1.06(1¥? 0.166(232 0.158(3¥?
LSAW  FCC 1.163(2F 10.03643(6% 1.16(272 0.5875(158®  1.03(3y? 0.161(3% 0.158(3%
LSAW DA 1.161(2%* 2.8790(2% 1.24(1%? 0.592(3% 1.42(1%? 0.226(232 0.158(3%2
CSAW oK 1.164(2) 5.9(4) 0.004(1) 0.585(3) 5.2(1.5) 0.8(0.2) 0.1600(6)
CSAW  5040000K  1.1646(4) 5.9291(1) 0.004160(2)  0.5848(1) 5.2190(4) 0.83517(4) 0.16002(2)
CSAW  50400K 1.1663(8) 5.5204(1) 0.005305(2)  0.5822(1) 6.708(2) 1.0775(1) 0.16063(6)
CSAW  7200K 1.158(1) 4.80463(5) 0.00785(1) 0.5751(1) 7.067(1) 1.1437(2) 0.16184(5)
aSee eqgs 1, 2, and 3 for definitions.
thisy andu, we obtainA from eq 1. These results are compared (a) —=—7200K 3 (b)
with LSAW in Table 1. We see that the universal quantitis 034 =
not sensitive to the temperature and consistent with LSAW, o 0N
while lattice dependent quantitigsand A are sensitive to the 3 E\I,:"
temperature and quite different from LSAW.for CSAW is N £ *— 7200K
~5.9, which is less thans2due to the self-avoidance. N0 ——1512K
In eq 1, two termsu" and n’~! contribute to the partition E 2 - —+—1368K
functionZ,. The first termu™ is the product of monomer partition —r—1224K
function . The gamma termp~1, has not been previously —— T T T T
analyzed and we propose here a simple model to explain its 45 50 55 60 2 3 4 5 67
origin. In{n) (110<n<500) In(m) (10<n<500)

The dominantN dependent term in the free energy is
proportional toN (the volume term), wher8/RT= —aN. Now
we want to analyze the form of the dominant correcti(hg,
writing

A/RT= —aN— bf(N) — ¢ (5)
Consider one chain with lengtiN2 as two coils with lengtiN,
but connected as shown in Figure 1d. The free energyat@ N
— bf(2N) — c. If Coil I and Call Il do not interact with other,
then the total free energy would be&2*aN —2*bf(N) — c. The
difference gives the interaction between Coil | and Coil Il as
AA/RT = —Dbf(2N) + 2bf(N), which includes two parts:
repulsive (self-avoiding entropy) and attractive (enthalpy).

At T = oo, there is no attractive energy (athermal) leaving
only the repulsive part (self-avoiding entropy) between these
two coils. ThusAA > 0. Becausd(N) < N andf(2N) < 2f(N),
thenb > 0. The volume occupied by the other coil scalefNas
and the reduced entropy scales aa\M) ~ InN. This suggests
thatf(N) has the IIN form and explains the origin of the gamma
term, n’—1,

As the temperature decreases from infinity, the attractive

Figure 3. (a) Dependence of 1@(/Z-100) on In() for CSAW. In@&Zy/
Zn-100) decreases monotonically with increashdpr T> 1512 K, while
itincreases with increasing for T< 1368 K. Thus 1368 KTyr <1512
K for N up to 500. (b) Dependence of kR2>/n) on In(n) for CSAW.
In(<RZ>/n) increases monotonically with increasihgfor T = 1368
K, while it has a maximum and decreases with increadirfgr T <
1224 K. Thus 1224 K Tgr < 1368 K for N up to 500.

tion term cancels).] Figure 3a shows that 1368 Ky < 1512
K for N up to 500.

Flory defined what we will refer to as the geometric theta
temperatureTqr, as the temperature at which #iR.2>/n) is
constant at large. This is the temperature at which the chain
describes a Gaussian coil. To deternilipg, we plot In(<R2>/

n) against Inf) in Figure 3b, where we see that 1224 Klyr
< 1368 K forN up to 500.

For infinite chain/walk lengthTor = Tyr, so that there is
only one theta point, so that at the coil-globule transition energy
the chains describe a Gaussian coil. However, for finite chain
lengths Figure 3 shows th@gr > Tyr, (independent of the force
field description)t?2 Thus the coil-globule transition occurs at
the free energy theta temperature that lies above the temperature
at which the distribution describes a Gaussian coil.

energy between two coils increases. When the attractive energy The free energy of polymers in solution can be expressed in

exactly balances with the repulsive part between these two coils,

AA =0 andb = 0. At sufficiently low temperature, the attractive
energy dominates amdlA < 0 andb < 0. Eventually, the chain
collapses leading t&%~N. In this case the correction term is

terms of®, the fraction of sites occupied by monomers as

FIT|ge= ®/ININD + 1/2 (1-2y)®* + 1/6 P> + «

expected to have the form of a surface energy, leading to anAt the temperature for whicjp =1/2 there is no quadratic term

N?3 dependence.

in ®. Thus, ignoring higher order termsdn leads tau = 1—2y

The point at which the attractive and repulsive parts balance = 0. de Gennes refers to this as “the bare theta temperadure”,

is the coil-globule transition temperature, above which the

which coincides in this case with the free energy theta

polymer chains and solvent form a single phase and below whichtemperature we define heréeif.
the chains tend to phase separate to form globules. To determine Wheny = 1/2, the®? term disappears, leaving higher order

this coil—globule transition temperature, we plot ZiZn-100)
against In() in Figure 3a. We refer to the ceiblobule transition
temperature at which l@{/Z,-100) is constant at largae as the
free energy theta temperatur€g, at which free energy is
proportional toN and is the sum of the free energies for each
monomer, leading to an ideal solution. [Note that the enthalpy

terms dominated by thé3 term. This three-body tertfleads
to repulsive interactions that result in swelling the chain above
that of the Gaussian distribution. This shifig to a value higher
than Tgr.

Nidras'® introduced a nearest neighbor contact association
energy into LSAW and estimated = 0.9985 and; = 0.5001

and entropy analysis in Figure 2 shows that the enthalpy andat the transition point, implying a theta shift;(< 1 andv; >

entropy arenot the sums of monomer components (the correc-

0.5), just as in CSAW.
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The correction ternbf(N) in eq 4 can be analyzed in terms By eliminating the use of lattices we can study finite

of enthalpy and entropy component®ife(N) and bsfs(N). temperatures with CSAW, allowing us distinguish the free
Figure 2c,d plots expf(En — En-1)/KT] and expf (S, — S-1)/ energy theta temperatures from the geometry theta temperature.
K] against 1. The slope at each temperature scalds:tor bs. We find that the three-body terms makg: higher than the

At T = o (athermal case), exp[(E, — En-1)/KT] is geometric theta temperatuifgs for which the radius of gyration

independent of Iy, as shown in Figure 2c. (At 5040 000 K is proportional toN.
the slope is 0.00001 and the linearR§ is 0.0048.) Thus at
= oo, the correction ternigfe(N) vanishes. This confirms the Acknowledgment. We thank Dr. Jiro Sadanobu (Teijin) and
predictior?®> by Des Cloizeau that the energy increment is Prof. Zhen-Gang Wang (Caltech) for helpful discussions. This
uniform at high temperature. The shiftsfrom high temperature  research was initiated with support from ARO-MURI (DAAG55-
to low temperature in Figure 2c are 0.9939, 0.9645, 0.8747, 97-1-0126) and completed with support from DARPA-PROM
0.6416, 0.6235, which approaches 1Tat «. This indicates (ONR N00014-02-1-0839).
that the energy increment approaches 0 at .
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